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#CANTORSIMULATION (introduction)
.Il

We discuss a few basic ideas to

implement the simulation of dynamics and

oher properties of physical systems using

quantum circuits .

While we will maitythustrale the concepts

vio Spin /2 systems (a prominent example

being the quantum Transcense Field Ising

Modif TFIM) they readity apply to

other many body a few body systems

of interest in solid state physics , quantum

chemistry, nuclear physics. Baside various

combinatorial optimization problems can be

fumulated as spir systems and we will te
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tit the simulation method discused here have

Ilso found applications in combindaid

plimization (e . g
the minimum valex core

problem in Reartial computer science) -

graumenspirmach et en
(u,)

made of aet of ralia V = <1 ... NS

and edge Ex(j) i
, j + VXV.

Wecach to each etge a quantum spir S

which is a degree of free dow with Hilbert

space
K2S+ spanned by the spir stake

Is
,
m) with m = -s, ..., +S .

Her we

recal S -> I a half intage
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5 = (Sx
, Sy , Sz)

The associated spir restatis an (the
matria)

(25+1) x (25 +1) matrix satisfying

algebra

[Sx
, 59] = 2iSz

Sy + S, +S = S(s+ 1) Id
.

Fa spir 1/2 This is rsalized through the

Pauli matrice Si=Ti i = X
,
3 , z

- = (ii) = (j)a = (0 -i)

For spir I we have

Sy = Su = Sz =(.2
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The Hitbat space for N spirs a the geoph

0 = (r , E) is ( = (q2
+1)eN

-

The Hamiltonic take the form in general

H=si
LE itV

where hee G
, B run are X

, >,
z companats

Note tat therotation here mean :

S = 10 ...+S 07x . -et
.

= e-etese1e--01020I

There are (25+ 1)
*
X (25+1)

* unatrices which act

en te hotd Hitbut space :

25+ 1 25+ / 2St 1

H = D + & 0 ..I
-

N times-

Of source this can be generalized to hypegeaphs &
multispin (beyond pains) interactions
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.

For ell the discussions thatr follow we wit

limit ancelie to spin/2 systems and

on man illustralieau ple will be te

TFIM (quantum transcense field Ising model) .

H=Si - Ir
Le itv

directly written inknes ofthe Pauli matric

c= (8 ! ) at= (d -i) . Again note the

simplified rotation : all terms ore in fact tace

NN
products at remarked abore and are 2x2

machines .

The first term is diagonal in the computationd

basis IS
.... SN) , Si = 1 . :

rs-sob = Sisjis-.. Sn]
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.

while te second reven introduce man disond

elements

Is .... (x) = 1s ...si ... Sx)
↑

a spir flip aporation .

Im particulari

(si ...S 1 HIs---sn]

= I Sij Sisj Egls,susé-sivs
(ij) + E

+s- si,sisi

Note tat instead of 2
*
x2= 2

*

elements

his matrix has "onty" (N+ ) 2
*

elements
·
This

on be exploited beneficially in numerical computations
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Remarks :
-

· Fa the spir 1/2 hom ittanions we directly

have a system of qubits with Hitbet space

(0---Ch of dim = 2.

re
The computational basis 1b

.....b) , bi = 01

is cquirchent to 15.... Su) , Si = #1

magh the mapping bi =0- Si =+ 1
bi = 1s Si = -1

so si = (1bi = 1-2bi .
a bi = E

· Highe Spir syllems correspond to gudits . To

wak in terrs of gubits on has to et up a suitable

correspondence and the choice mat depend onDe

problem at hand.

· Fermianic systems (lections) -> see next class for
Funion Et grbit correspondences
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#. Quantum dynamics .

We focus on the problem of solving the

time dependent Schroedinger equation for Spir

systems .
We anclyze here only the care of

time-independent hamiltonians .

#1Naive Taylor expansion method .

Fo c static Hamiltonian the time evolved
--

state which solven the Schroedinger equalia

it& 141 = H 14

-
is 14()) = e 1400 , )

Let A be a small time step and consider the

Taylor expansion of the exponentiel Crett= 1)

14(t+)) = (1 - idH- H -i)
14 (4)
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.

Taking the first 5 adus in Tayla's

expansion garante a scheme of ader OLDS

which can be officiently implemented for

Spanse Hamilhanians (because products of H

an officiently computable) .

A simple

ilective formulation is :

&
I =- HIT-

19x) = 15 > + 1Nx)

fa K = 1
,
2
,
--

-, s
with initial

Indition ITo = /Do) = 14 Hs)
·

Then

14(t +1)) = 1xs)

This scheme is memay friendly as we only

have to sle 1xK] & /Mk) at each step.
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Exercisei check the iteative scheme above
-
-

reproduce the Tayla expansion of the

evolution operala up bo ade O(DS)

Remark ! a default of this scheme is that
-

-

em : terity is not preserved due to the truncation

of the exponential . This 14+DC) ma

not be mamalized to exactly one.

2Trotte-Susuki decomposition .

We present an alfanative scheme of the

basis of many developments which preserve the

emilarity of time - evolution.

first let us disum the general idea before

illustrating particular applications.
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K

let H = Chi with man-commutinghems
-

k=1

The Trotte-Susaki decomposition begins with

-ihes-ihza - ihpA
exp(iHA) = e e-e

+ 0(Y

for a small hime slep A .

Then we

un i

2
-
iHt

= (a
- i HA)M

where we take in lance and 1= small

givent . Thus we get the approximation :

#Les
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The and kem has is MOLD4 = 07)
= O(ty) -

#

improvedsecond der scheme of Trotten-Susaki :

We have

- iH A
= (e-ihih)2

+ 0(3

Note have the ana terr is salle. The

again me get with 1 = F ,
M eage :

=the(e-hi)(ih-h)I
Theena tem new is MO( =0

= o(t94 .



13.

The special care K = 2 where the Hamiltonic

is split in two terms is particularly impetant.

H = h
,
+ hu

-

Finst aden scheme :
--

-itH
= (e

-ih, _ ihzA
)
M

C 2

with 1= ena OCtD)
.

Second ade schemei
-

e-itH
= (e

-

ch,- ih1- ih,M

with * = t ma Olt(4)
M

S
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-Transmetle
with

h = [ Sij
(ij) - E

hz = -N
There do not commute [hisha3 = hihihih , to.

Howeve terms whin h
,
and within he

commute and can be easily exponentialed.

-
ish

, -Sij
e =
iTe

LijSE

=
it (DSij) Faxy-Sud)

t(j]+E reg J.
a also :

-in "I -idijSisj
e si ... sp)= Is ....S]
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For the Spin-flip Lems :

X

-ihz
=
πe

+Anu
e

i=V

and using(5)" = -> & the Tagla expansion

we more/excice) :

:d Ma
e = as(AN)7 + 1(ii) i

Thus

-- ishris
...pose +i

Isi) 3

- (SDM) (si) +(D)-

IVIII
= E (1) (1 Sidi)

#

I CV

ISuic-Si)
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N N-f f

= 2 (Cs M) (isiDM)
f = 0

2 ISuis-SE)
I : Il =f

where her f = number of spir-flips.

= idrs.......si
↓

* ader 0(3)

With these fumbs one can easily compute
i

exp(- i + H) = ((exp - ih ,
) (exp - ish =)

with D = I wether we une matrix multiplications
M

a apply the time evolution to an initial

state expanded in the computational basis.



16 .

# Quantum vincuit implementation -
-

The preceding discussion is et Rebasis A

path integral famulations of quantum dynamics.

Here however our goal is to go in another

direction : the quantum circuit implementation.

We proced still within the example of

the TFIM . In principle exponential

speedup can be obtained as me do not have to

deal with the proliferation of terms (as seem

in the previous formules due to the spin flops) .

=i
42

The time evolution of the spir flip terr



17-

2
id tr

↑
is easy to implement from a rotation gate

around the X-exis with augh-2xN = 0 :

->(
with O = -21P

. If only an RECO)

rotation croud Z is craibble one can implement

a besis change thanks to the Hadamand matrix

-TD

indeed HT
*
H = 2

-
and Mus :

& X (0) = H
=

RXO)H= H HRX10HH
-

- -
e-dux -

Rz(5)= 2
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The Ising diagand term is implemented

Via a 2-qubilgale as if involve to qubits.

Not Moti

C

- issij cot (eeisSij) Not
Indeed applying on a computational baris state

ISi
, Sj) De left hand sid given :

- id Sij Sisj
E ISisj]

and the right hand side gives :

Cot (1e

=
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The cincuit corresponding to this identity is

it

--I
i-5:2)

-#

As an example consider now a Schami . The greph
N

is G = (V
,
E)= ....

ponible
-A vimit with M = 1 Trotte slep would be :

&·--
-·-

- ixhe
e
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Note that the two
gu hit sale encircled in red

-ju
commute since they implement e

hen es . So there is no ambiguity in this circuit design
-
iPh2 - ishi -int

fa 2 e -e -obac04.
↑-

Fr M Grotter steps we simply have to append the

same circuit M himes . We see nat the depth of this

cincust will be eneutially proportional to M . The width

is equal to N
.

Exacine : design a circuit corresponding to

the second ader Totten-Susaki approximation :

-iX H

- -ith , -
ishe

- ih,
e e 2 + o()

- it H
e = (e

- :SH)M =
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#. Quantum adiabatic method
--

The adiabatic theorem of quantum mechanics can be

uned as an inspiration to develop new afaithers on

simulation methods .
We disum her the main ideas of this

approach .

Informell, the adiabatic theorem stale that if

we here a Hamiltonian family Filt) parametrized

by time (say with ahim de pendent parameter , see sta)

and we very time slowly enough the system will

remain in the ground state /HolEs) allalong the

↓me evolution as long as the GS is reparated from

the rent of the spectrum by a gep
1 Spectrum (H(t))
-

Est'Too .I gep
Et 14015,3

I-
g T



M ferally if UCt, 0) is the true evolation fo Ht) :

We should here :

t-
minimal gap in spectral
family-m

A typical example of application is to Hamiltonian

familie of the form :

H(t) = (2 - E) Ho + EH

when HIO = Ho is an "casy homillanian" with known

efuskak/
&nd H(T = He is a "hand Lamothanian"

with hand to find a prepare enjenstaten/GS . By

applying the adicbatic themem we can find the GS of He
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However in prective for many body systems we expect

↑ ~ e as a result of exponentially closing of

he minimum gap along te path H(t) ·

=>Quantum alternating method

The above adicbatic state preparation me Mod

can be und as an inspiration for quantum

algorithms . Support we want to find the GS of

the TFIM
. Wewre the following Homittarian

family :

#() = (2 - E)he + E(he +ha)

where again he = -↑&
hu = [Si
(ij)
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1Trote mat her Hit = he + Ehr
↑(0) = he ,

F(t) = hy + bur

We have 1410 =Ti
(if N > 0 say) with E(O) = -NT.

The first exciled state has E, 101= - NP +
25

= - (-1 + M

ect... corresponding to one place flip :

()
L

Inspired by the adiabatic thesem we imagine

that we implement the time evolution starly by

making small steps A from to bt=
T

.

We use on this a "Trotter spitting" with

no kems he and the :
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We thus consider the following hemistic

approximation for the time evolution operate :

(eh , -iDEhy.. ... (e-ihjDEh)

↳ : here Fl= h,Ehn is time dependent so
-

De tre evolution operater is not given by the

exponential of#st.
#

We start withb GS of Hol= 11 ·
This

is prepared from the incit

10)-lit-
10)-A
i

10) -A



25
.

The circuit of the algorithm is thus :

·
----

with initial state propanation and ten

No Trotta-Susuki steps with gale RZz and

RX discused in the previou panegraphs-

Remarks-

⑧ The time paramarization can be changed which

would correspondb make A time dependent along

De "Trotte steps" .

.
One could also turn the"D's " into pasameters
metane to be aphimized . This loc both QAOA
als fo optimization( NEXT CLASS)
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.Fermion systems .

Fermionic systems are uniquitons physical

systems in solid state , chemistry , nuclear physics , where

dynamics we also want to simulate

There systems have Hamiltonians expressed in

terms ofcreation & annihiltion aperatos sclisfying

anticommutation relations :

(
, () = c +cc = dij
( , (j) = cic #jc = 0

++

(, y = c + c = 0

For example typical Hamiltonions have be form

H=ij +[VenK
,
l
,
m
,
r

(ith tij = & Kemn = Une Lo

ensure herrificity (
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There exist mappings for Famions to Spins2

which for us save to me a fermian system on

a qubit system . Using There mappings me

reformable the Hamiltanion as a suinsystem.

However this spir system is not meconarily

a sun of simple "local mananiels" in which case

me methods expared before one hand to use. But when

the reformulated spin Hamiltonian is a sun of

local simple manomials we can use the simulation

inclods outlined in previous panageephs. This

wake typically foronmensional lattie o

for "small" moleculs modelled as fuionsystems

asallgraphs
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Hae we discuss the most common of there mappings

namely the Jandan-Wighe transformation
Another popular mapping is De Kitaev transfoundian

&

Madan-Wighe transformation :

We aden the vention -> 31
,
2
, ...,XS

of the graph- The transformation is then :

&
=...a

Z

ee-2
-

[(-i

e=--e
-

Lice
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To check tat the "strings" on the v. h . S

satisfy famianic anticommutation ofgebre are

proce as follows for 12 m :

Le,m]=

=
·-m

=[ Wetre +ret = 1 fr l = m

l- 1

C
l >m

Fo (, = Ke, ) = 0 ·

T


